Chapter 4:  Applications of Differentiation

Section 4.1:  Maximum and Minimum Values
SOLs:  APC.12:  The student will apply the derivative to solve problems,  including tangent and normal lines to a curve, curve  sketching, velocity, acceleration, related rates of change, Newton's method, differentials and linear approximations, and optimization problems.
Objectives:  Students will be able to:  


Understand extreme values of a function

Find critical values of a function


Find extreme values of a function

Vocabulary:  

Absolute maximum – a value greater than or equal to all other values of a function in the domain
Absolute minimum – a value less than or equal to all other values of a function in the domain
Maximum value – the value of the function than is greater than or equal to all other values of the function
Minimum value – the value of the function than is less than or equal to all other values of the function
Extreme values – maximum or minimum functional values
Local maximum – a value greater than or equal to all other functional values in the vicinity of a value of x
Local minimum – a value less than or equal to all other functional values in the vicinity of a value of x
Critical number – a value of x such that f’(x) = 0 or f’(x) does not exist
Key Concept:


Extreme Value Theorem:  If f is continuous on the closed interval [a,b], then f attains an absolute maximum value f(c) and a absolute minimum value f(d) at some numbers c and d in [a,b].

Fermat’s Theorem:  If f has a local maximum or minimum at c, and if f’(c) exists, then f’(c) = 0.  Or rephrased:  If f has a local maximum or minimum at c, then c is a critical number of f.

[Note:  this theorem is not biconditional (its converse is not necessarily true), just because f’(c) = 0, doesn’t mean that there is a local max or min at c!!  Example y = x³]


Closed Interval Method:  To find the absolute maximum and minimum values of a continuous function f on a closed interval [a,b]:

1. Find the values of f at the critical numbers of f in (a,b) (the open interval)

2. Find the values of f at the endpoints of the interval, f(a) and f(b)

3. The largest value from steps 1 and 2 is the absolute maximum value; the smallest of theses values is the absolute minimum value.

Let f be defined on an interval I containing c.

· f(c) is the minimum of f on I  if  f(c) ≤ f(x) for all x in I.

· f(c) is the maximum of f on I  if  f(c) ≥ f(x) for all x in I.
Together maxes and mins are called extrema.

Look at the diagram on page 279.

If f is a continuous function on a closed interval [a,b], then f has both a minimum and a maximum on the interval.

Note: maximum and minimum values are the 
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Relative extrema (local extrema) occur in an interval where f(c) is an extrema – page 280
A critical number is one where the first derivative is zero or undefined – page 283
Relative extrema occur only at critical numbers.

Look at page 283 for method.

Absolute extrema occur at relative extrema or at the endpoints of the interval.

Find the relative and absolute extrema for each of the following:


1.  f(x) = -2x³ + 3x² 

2. 
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3. f(x) = (1 + x²)‾¹

4. f(x) = sin x – cos x on [0,π]
Homework:  pg 285 – 288: 1, 4, 6, 9, 31, 35, 36, 53, 57, 74
Read:  Section 4.2
Section 4.2:  The Mean Value Theorem
SOLs:  APC.10:  The student will state (without proof) the Mean Value Theorem for derivatives and apply it both algebraically and graphically.
Objectives:  Students will be able to:  


Understand Rolle’s Theorem

Understand Mean Value Theorem

Vocabulary:  

Existence Theorem – a theorem that guarantees that there exists a number with a certain property, but it doesn’t tell us how to find it.
Key Concepts:

[image: image3.emf]Mean Value Theorem (MVT)

For a differentiable function f(x), the slope of the secant linethrough (a, f(a))and (b, f(b))equals 

the slope of the tangent lineat some point cbetween aand b.  In other words, the average rate of 

change of f(x)over [a,b]equals the instantaneous rate of change at some point cin (a,b).
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Let fbe a function that is 

a)  continuous on the closed interval [a,b]

b)  differentiable on the open interval (a,b)

then there is a number cin (a,b) such that

f(b) –f(a)

f’(c) = ---------------

(instantaneous rate of change, m

tangent

= average rate of change, m

secant

)

b –a 

or equivalently:                        f(b) –f(a) = f’(c)(b–a)


Example: Verify that the mean value theorem (MVT) holds for  f(x) = -x² + 6x – 6 on [1,3].

Find the number that satisfies the MVT on the given interval or state why the theorem does not apply.

1. 
[image: image4.wmf]5

2

x

y

=

 on [0,32]




2.  y = ( x – 2)-² on [2,5] 

3. 
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4. 
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[image: image7.emf]Rolle’sTheorem

Let fbe a function that is 

a)  continuous on the closed interval [a,b]

b)  differentiable on the open interval (a,b)

c)  f(a) = f(b)

then there is a number cin (a,b) such that f’(c) = 0
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A. B. C. D.

Case 1:  f(x) = k (constant) [picture A]

Case 2:  f(x) > f(a) for some x in (a,b) [picture B or C]

Extreme value theorem guarantees a max value somewhere in [a,b].  Since 

f(a) = f(b), then at some c in (a,b) this max must occur.  Fermat’s Theorem says

that f’(c) =0.

Case 3:  f(x) < f(a) for some x in (a,b) [picture C or D]

Extreme value theorem guarantees a min value somewhere in [a,b].  Since 

f(a) = f(b), then at some c in (a,b) this min must occur.  Fermat’s Theorem says

that f’(c) =0.
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Geometrically this means that at some number c in (a,b), the tangent line to the graph of f(x) must be parallel to the line through (a,f(a)) and (b,f(b)); in this case a horizontal tangent.

Example: Determine whether Rolle’s Theorem’s hypotheses are satisfied &, if so, find a number c for which f’(c) = 0.

1. f(x) = x² + 9 on [-3,3]




2. f(x) = x³ - 2x² - x + 2 on [-1,2]
3. f(x) = (x² - 1) / x on [-1,1]



4. f(x) = sin x on [0,π]
Homework – Problems:  pg 295-296: 2, 7, 11, 12, 24
                       Read:  Section 4.3
Section 4.3:  How Derivatives Affect the Shape of a Graph
SOLs:  APC.1:  The student will …. graph these functions using a graphing calculator.  Properties of functions will include domains, ranges, combinations, odd, even, periodicity, symmetry, asymptotes, zeros, upper and lower bounds, and intervals where the function is increasing or decreasing.
Objectives:  Students will be able to:  


Understand and use the First Derivative Test to determine min’s and max’s


Understand and use the Second Derivative Test to determine min’s and max’s

Vocabulary:  

Increasing – going up or to the right
Decreasing – going down or to the left

Inflection point – a point on the curve where the concavity changes

Key Concept:


[image: image8.emf]First Derivative Test for Critical Points

x = c

f’ > 0 for x < c

f’ < 0 for x > c

Relative Max

x = c

f’ > 0 for x > c

f’ < 0 for x < c

Relative Min

- 0 + Sign of f’(x)

x > c x = c x < c Relative Max

+ 0 - Sign of f’(x)

x > c x = c x < c Relative Min

Examine the behavior of the first derivative close to the critical value.  If the sign 

of the first derivative changes before and after the critical value, then a relative 

extrema

has occurred.  Most folks like to use a table like those below.


Using the first derivative to determine increasing and decreasing intervals:


a. if f’(x) > 0, then f is increasing


b. if f’(x) < 0, then f is decreasing


c. if f’(x) = 0, then f is constant

Example: Determine analytically where 
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First Derivative Test: Let 
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 be a critical number (f′(x) = 0 or undefined) on an open interval containing
[image: image11.wmf]c

.


1. If  f′  changes from negative to positive,  f(c) is a relative minimum.


2. If  f′  changes from positive to negative,  f(c) is a relative maximum.

Concavity, etc.

Let  f  be a differentiable function on an open interval I.  If  f′ is increasing, i.e. f′′ > 0  the graph of  f  is concave up; if f′  is decreasing, i.e.  f′′ < 0  the graph of  f  is concave down.

An inflection point is a point where concavity changes.  If there is an inflection point at 
[image: image12.wmf]c

, then f′′(c) = 0  or is undefined.  An inflection point does not have to occur when f′′(c) = 0  or is undefined.  (example -  f(x) = x4) 
look at page 300 for concavity test

Example: Determine the concavity and inflection points of 
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[image: image14.emf]Second Derivative Test for Critical Points

x = c

Relative Max

x = c

Relative Min

- Sign of f’’(x)

x = c Relative Max

+ Sign of f’’(x)

x = c Relative Min

Examine the sign of the second derivative close at the critical value.  If the sign of 

the second derivative is negative, then the function is concave down at that point 

and a relative maximum has occurred.  If the sign of the second derivative is 

positive, then the function is concave up at that point and a relative minimum has 

occurred.

Note:  rate of change of first derivative 

is always negative.

Note:  rate of change of first derivative 

is always positive.


Second Derivative Test: (another way to determine relative extrema) Let  f′ and  f′′ exist at every point in an open interval  (a,b) containing c and suppose  f’(c) = 0.


1. If  f′′(c) < 0 (function is concave down at x=c), then  f(c) is a relative maximum.


2. If  f′′(c) > 0 (function is concave up at x=c), then  f(c) is a relative minimum.

Example: Use the second derivative test to identify relative extrema for g(x) = ½ x – sin x for  (0,2π).

Sketch the graph of  f(x) over [0,6] satisfying the following conditions:


f(0) = f(3) = 3

f(2) = 4

f(4) = 2

f(6) = 0

f’(x) > 0 on [0,2)

f’(x) < 0  on (2,4)(4,5]

f’(2) = f’(4) = 0

f’(x) = -1 on (5,6)

f’’(x) < 0 on  (0,3) (4,5)

f’’(x) > 0 on (3,4) 
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Values or Signs Comments

up increasing crosses 4

up increasing below (3,4)

down decreasing below (0,2)

Inflection point –change in concavity 0

up decreasing above (-∞, 0)

up increasing above (4, ∞)

up Relative (and Absolute) Min 3

up decreasing below (2,3)

Inflection point –change in concavity 2

Graphing Summary using Information from Derivatives

f(x)   =  x

4

–4x

3

=  x

3

(x –4)

f’(x)  = 4x

3 

–12x

2

= 4x

2

(x –3)

f’’(x) = 12x

2 

–24x = 12x (x –2)


Homework – Problems:  pg 304-307: 1, 10, 11, 14, 17, 21, 27, 35, 38, 45, 74
                       Read:  Section 4.4
Section 4.4:  Indeterminate Forms and L’Hospital’s Rule
SOLs:  APC.11:  The student will use l'Hopital's rule to find the limit of functions whose limits yield the indeterminate forms:  0/0 and infinity/infinity
Objectives:  Students will be able to:  


Use L’Hospital’s Rule to determine limits of an indeterminate form
Vocabulary:  

Indeterminate Form – (0/0 or ∞/∞) a form that a value cannot be assigned to without more work
Key Concept:

When taking limits in chapter 2, we ran into the indeterminate forms 
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.  These forms do not guarantee that a limit exists or what the limit is, if it does exist.

Earlier in the year, we used algebraic techniques to rewrite the expressions and take the limit:

· factor and cancel

· rationalize the numerator or denominator

· long division

Not all indeterminate forms can be rewritten, especially when they involve an algebraic function and a transcendental function.


[image: image19.emf]L’Hospital’sRule

Suppose f and g are differentiable and g’(x) ≠0 near a (except possibly at a).  Suppose that

limf(x) = 0 and limg(x) = 0

or that

limf(x) = ±∞ and limg(x) = ±∞

(We have an indeterminate form for limf(x)/g(x))  Then

f(x)                 f’(x)  

lim ---------= lim--------

g(x)                g’(x)

if the limit on the right side exists (or is ±∞)
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BEWARE: Do NOT apply the quotient rule.


[image: image20.emf]Example of L’Hospital’s Rule

Remember that we used the “Squeeze” Theorem in Chapter 2 to show that the 

follow limit exists:

sin x

lim ------------ = 1

x

x→0

Now using L’Hospital’s Rule we can prove it a different way:

Let f(x) = sin x            g(x) = x

f’(x) = cos x          g’(x) = 1

sin x           0                  f’(x)              cos x          1

lim ------------ = -----



lim -------- = lim ---------- =  ----- = 1

x              0                  g’(x)                 1             1

x→0

x→0 x→0


We also have the indeterminate forms 1∞, 00 and ∞0.  When you run into one of these forms, you must rewrite the function using natural logs.
Examples:
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Homework – Problems:  pg 313-315: 1, 5, 7, 12, 15, 17, 27, 28, 40, 49, 53, 55
                       Read:  Section 4.5
Section 4.5:  Summary of Curve Sketching
SOLs:  APC.1:  The student will define and apply the properties of elementary functions, including algebraic, trigonometric, exponential, and composite functions and their inverses, and graph these functions using a graphing calculator.  Properties of functions will include domains, ranges, combinations, odd, even, periodicity, symmetry, asymptotes, zeros, upper and lower bounds, and intervals where the function is increasing or decreasing.

Objectives:  Students will be able to:  


Sketch or graph a given function
Vocabulary:  


Oblique – neither horizontal nor vertical


Slant asymptote – a line (y = mx + b) that the curve approaches as x gets very large or very small


found if the limit of [f(x) – (mx+b)] = 0 as x approaches ±∞
Key Concept:

Checklist – look at pages 317 – 318 

· Domain – for which 
[image: image40.wmf]x

 values is f(x) defined?

· x -intercepts – where is  f(x) = 0?

· y -intercepts – what is f(0)?
· Symmetry 

· y-axis – is  f(-x) = f(x)?
· Origin – is  f(-x) = -f(x)?
· Period – is there a number  p  such that  f(x + p) = f(x)?
· Asymptotes

· Horizontal – does 
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· Vertical – for what 
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· Increasing – on what intervals is  f’(x) ≥ 0?

· Decreasing – on what intervals is f’(x) ≤ 0?

· Critical numbers – where does  f’(x) = 0 or DNE?

· Local extrema – what are the local max/min?  Use  f’ or f’’ test.

· Concavity 

· Up – where is  f’’(x) > 0?

· Down – where is f’’(x) < 0?

· Inflection points – where does  f  change concavity?

Sketch the graph of                           .
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Sketch a graph of   y = f(x)  such that 

Domain:  (-∞,-1) (-1, ∞)

f(2) = 0

f(x) = f(-x)

f’(x) ≥ 0 on (1,3] [5,∞]
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     f’(x) ≤ 0 on [3,5]  

f’(3) = 0,  local max at  x = 3

f’(5) = 0,  local min at x = 5 

      f’’(x) > 0 on (4,6) 

f’’(4) = 0
f’’(6) = 0
      f’’(x) < 0 on (1,4) (6,∞)
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Homework – Problems:  pg 323-324: 3, 13, 18, 37, 58
                       Read:  Section 4.6
Section 4.6:  Graphing with Calculus and Calculators
SOLs:  APC.1:  The student will define and apply the properties of elementary functions, including algebraic, trigonometric, exponential, and composite functions and their inverses, and graph these functions using a graphing calculator.  

Objectives:  Students will be able to:  


Use the TI-83 or TI-89 to sketch / graph a given function revealing all of it important features
Vocabulary:  


Families of functions – functions related to one another by an arbitrary constant
Key Concept:

· Use calculus (previous section material) to complement the calculator

· Using the calculator by itself can lead to misleading results with an inappropriate viewing window 

· The calculator can help solve the function and its derivatives set equal to zero

· Find an appropriate viewing window that showcases all of the important features of the graph.
· You may have to redo this viewing window several times to reveal all the important features
· Unless otherwise specified, round to the nearest thousandth – on paper, keep the full decimal in your calculator for calculations.

Families of functions: a collection of functions defined by a formula with one or more arbitrary constants; 
ex. y = ax² + bx + c is a set of parabolas where the relative extrema occurs at 
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Example: Describe the graphs of the family of functions  f(x) = x³ - 3ax 
Homework – Problems:  pg 330-331: 1, 4, 12, 15, 16
                       Read:  Section 4.7
Section 4.7:  Optimization Problems
SOLs:  None
Objectives:  Students will be able to:  


Use derivatives to solve optimization problems
Vocabulary:  

One-to-one Function – never takes on the same value twice (one x for every y)
Inverse Function – reverse the inputs (domain) and the outputs (range)
Cancellation Equations – cancels out the function
Key Concept:


[image: image50.emf]1. Assign variables to all given quantities to be determined.  When

feasible, make a sketch.  Label the picture with the quantities.

2. Find a primary expression for the quantity to be optimized.

3. Reduce this primary equation to one having a single independent 

variable –this may involve the use of “secondary” equations 

(restrictions) relating the independent variable of the original

equation.

4. Determine the domain for the independent variable, usually an 

interval.

5. Find the critical points and end points.

6. Use the techniques of calculus to determine the desired 

maximum or minimum value.

7. Answer the question (including units).

Procedures for Solving Optimization Problems



[image: image51.emf]Optimization Example

A farmer whose property borders 

I-81 wants to maximize the size of 

the pasture for cattle he can create 

with his limited resources.  He can 

only afford to buy materials for 

2400 feet of fencing.  How big can 

he make his pasture?

Govt Fencing

Farmer’s Field

A = 

l

• w           and 

l

+ 2w = 2400    so 

l

= 2400 – 2w

A = (2400 – 2w) • w  = 2400w – 2w²

dA

--- =  2400 – 4w  = 0    when 4w = 2400   or   w = 600 ft

dw

A = 600 • (2400 – 1200) = 720,000 sq ft


1. A cone with slant height of 6 inches is to be constructed.  What is largest possible volume of such a cone?

2. Find the points on the graph of     x² - 4y² = 4    that are closest to the point (5,0).

3. A flyer is to contain 50 square inches of printed matter, with 4-inch margins at the top and bottom and 2-inch margins on each side.  What dimensions for the flyer will use the least paper?

4. An open box having a square base is to be constructed from 108 square inches of material.  What dimensions will produce a box with maximum volume?

5. Find two positive numbers that minimize the sum of twice the first number plus the second number, if the product of the two numbers is 288.

6. Two posts, one 28 feet tall and the other 12 feet tall, stand 30 feet apart.  They are to be held by wires, attached to a single stake, running from ground level to the tops of the poles.  Where should the stake be placed to use the least wire?
7.  Bill has 4 feet of wire and wants to form a circle and a square from the wire.  How much of the wire should he use on the square and how much should be used on the circle to enclose the maximum total area?

Homework – Problems:  pg 336-341: 3, 4, 9, 23, 30, 34, 56
                       Read:  Section 4.8
Chapter 4.8:  Applications to Business and Economics
SOLs:  None
Objectives:  Students will be able to:  


Be exposed to use of differentiation in business and economics
Vocabulary:  


Cost function – 


Marginal cost – 


Average cost function –


Marginal revenue function –


Marginal profit function –

Key Concept:

Will cover if time permits
Homework – Problems:  pg 346 - 347: 5, 9, 15, 19
                       Read:  Section 4.9
Section 4.9:  Newton’s Method
SOLs:  None
Objectives:  Students will be able to:  


Use Newton’s method to approximate roots of an equation
Vocabulary:  

Iterative process – a process that uses the first answer as input to the second equation for the second answer and so on until some limiting parameter is reached →  very useful in spreadsheets and in computer programs
Newton’s Method – an iterative process that can (but may not) find the roots of an equation
Key Concept:

Will cover if time permits

Homework – Problems:  pg 351-353: 

                       Read:  Section 4.10
Section 4.10:  Antiderivatives
SOLs:  None
Objectives:  Students will be able to:  


Understand the concept of an antiderivative

Understand the geometry of the antiderivative and that of slope fields


Work rectilinear motion problems with antiderivatives

Vocabulary:  

Antiderivative – the opposite of the derivative, if f(x) = F’(x) then F(x) is the antiderivative of f(x)
Integrand – what is being taken the integral of [F’(x)]
Variable of integration – what variable we are taking the integral with respect to
Constant of integration – a constant (derivative of which would be zero) that represents the family of functions that could have the same derivative
Key Concept:

What is a function that has a derivative of  3x²?

A function is an antiderivative of  f  on an open interval I  if F’(x) = f(x) for all x in I.

There is an entire family of antiderivatives for each derivative.  The general antiderivative of 3x² is x³ + c.  c is called the constant of integration.
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We use the following symbols: 
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Basic Rules:

1. Power Rule 
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Ex. 
Find

a) 
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Other Rules:
2. 
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Ex. 
Find 

g) 
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Trig Rules:
6. 
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Ex. 
Find 
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Initial Conditions: You can solve for a particular 
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 if you are given certain preliminary information (initial conditions); find 
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 such that F(1) = 4.

Ex. 
Find the velocity function  v(t) and position function  s(t) corresponding to the acceleration function  a(t) = 4t + 4 given  v(0) = 8 and  s(0) = 12.
Direction (slope) fields:
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Homework – Problems:  pg 358-360: Day 1:  1-3, 12, 13, 16    




      Day 2:  25, 26, 53, 61, 74
                       Read:  Review Chapter 4
Chapter 4:  Review

SOLs:  None
Objectives:  Students will be able to:  


Know material presented in Chapter 4
Vocabulary:  None new

Key Concept:

Calculus Review:  Chapter 4

Non-Calculator

For problems 1 and 2, use the function 
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1.  The function 
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 has

A. one relative minimum and two relative maxima

B. one relative minimum and one relative maximum

C. two relative maxima and no relative minimum

D. two relative minima and one relative maximum

E. two relative minima and no relative maximum

2.  How many inflection points does 
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 have?


A.  0

B. 1

C.  2

D.  3

E.  4

3.  The maximum and minimum values of the function 
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 on the closed interval [0, 4] are respectively
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4.  If 
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 is the number defined by Rolle’s Theorem, then for 
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 is 


A.  1

B.  –1

C.  0

D.  
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5.   The acceleration of a particle moving along a straight line is given by 
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7.  Which equation has the slope field shown at the right? 

A.  
[image: image118.wmf]dy

dx

y

=

5





B. 
[image: image119.wmf]dy

dx

x

=

5



C. 
[image: image120.wmf]dy

dx

x

y

=





D. 
[image: image121.wmf]dy

dx

y

=

5


8.  Find the limit using L'Hopital's Rule, if applicable.  
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A.  0

B.  
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C.  1

D.  Limit does not exist

Calculator

9.  If 
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 prescribed by the Mean Value Theorem is
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10.  If 
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 and 
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 then

A. the curve has no horizontal tangents

B. the curve is concave up for all x

C. the curve is concave down for all x

D. the curve has no inflection point

E. none of these


11.  The graph at the right shows the velocity of an object moving along a straight line during the time interval 
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Free Response

(1996 BC 4)  This problem deals with functions defined by 
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 where 
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 is a positive constant and 
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a. Sketch the graphs of the two functions 
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 and 
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 on the axes provided.


b. Find the x-coordinates of all points, 
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 is tangent to the graph of  
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c. Are the points of tangency described in part (b) relative maximum points of  
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?  Why?

d. For all values of 
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, show that all inflection points of the graph of 
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 lie on the line 
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Answers:      1. D    2. C    3. A     4. A     5.  C     6. E     7. A     8. A     9. B     10. D     11. B

(1996 BC 4)  a.  



b.  

Homework – Problems:  pg 361-364: 

                       Read:  Study for Chapter 4 Test

After Chapter 4 Test:
Homework – Problems:  None

                       Read:  Section 5.1

This is � EMBED Equation.3  ���- use log technique





� EMBED Equation.3  ��� - � EMBED Equation.3  ���





Now we have � EMBED Equation.3  ��� - Apply L’hopital’s





We must “undo” taking the log by taking the antilog
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First Derivative Test for Critical Points

Examine the behavior of the first derivative close to the critical value.  If the sign of the first derivative changes before and after the critical value, then a relative extrema has occurred.  Most folks like to use a table like those below.

		Relative Max		x < c		x = c		x > c

		Sign of f’(x)		+		0		-



		Relative Min		x < c		x = c		x > c

		Sign of f’(x)		-		0		+













x = c





f’ > 0 for x < c

f’ < 0 for x > c

Relative Max











x = c





f’ > 0 for x > c

f’ < 0 for x < c

Relative Min
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Graphing Summary using Information from Derivatives

f(x)   =  x4 – 4x3     =  x3(x – 4)

f’(x)  = 4x3 – 12x2  = 4x2(x – 3)

f’’(x) = 12x2 – 24x = 12x (x – 2)

		Interval		Values or Signs		Comments

		f(x)		f’(x)		f’’(x)		x-axis		Slope		Concave

		(-∞, 0)		+		-		+		above		decreasing		up

		0		0		0		0		Inflection point – change in concavity

		(0,2)		-		-		-		below		decreasing		down

		2		-16		-16		0		Inflection point – change in concavity

		(2,3)		-		-		+		below		decreasing		up

		3		-27		0		36		Relative (and Absolute) Min		up

		(3,4)		-		+		+		below		increasing		up

		4		0		64		96		crosses		increasing		up

		(4, ∞)		+		+		+		above		increasing		up
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Optimization Example

A farmer whose property borders 

I-81 wants to maximize the size of the pasture for cattle he can create with his limited resources.  He can only afford to buy materials for 2400 feet of fencing.  How big can he make his pasture?

Farmer’s Field

A = l • w           and l + 2w = 2400    so l = 2400 – 2w



A = (2400 – 2w) • w  = 2400w – 2w²



dA

---  =  2400 – 4w  = 0    when 4w = 2400   or   w = 600 ft

dw



A = 600 • (2400 – 1200) = 720,000 sq ft







Govt Fencing
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f(0) = -2
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Example of L’Hospital’s Rule

Remember that we used the “Squeeze” Theorem in Chapter 2 to show that the follow limit exists:

Now using L’Hospital’s Rule we can prove it a different way:

Let f(x) = sin x            g(x) = x

     f’(x) = cos x          g’(x) = 1

          sin x

lim  ------------  = 1

             x

x→0

          sin x           0                  f’(x)              cos x          1

lim  ------------  = -----     lim --------  = lim ----------  =  -----  = 1

             x              0                  g’(x)                 1             1

x→0

x→0

x→0
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Second Derivative Test for Critical Points

x = c

Relative Max

x = c

Relative Min

Examine the sign of the second derivative close at the critical value.  If the sign of the second derivative is negative, then the function is concave down at that point and a relative maximum has occurred.  If the sign of the second derivative is positive, then the function is concave up at that point and a relative minimum has occurred.

Note:  rate of change of first derivative is always negative.

Note:  rate of change of first derivative is always positive.

		Relative Max		x = c

		Sign of f’’(x)		-



		Relative Min		x = c

		Sign of f’’(x)		+
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Mean Value Theorem (MVT)

For a differentiable function f(x), the slope of the secant line through (a, f(a)) and (b, f(b)) equals the slope of the tangent line at some point c between a and b.  In other words, the average rate of change of f(x) over [a,b] equals the instantaneous rate of change at some point c in (a,b).

P(c,f(c))

a

A(a,f(a))

b

P1

P2

a

y

b

B(b,f(b))

c2

c1

x

y

x

c

Let f be a function that is 

	a)  continuous on the closed interval [a,b]

	b)  differentiable on the open interval (a,b)

then there is a number c in (a,b) such that

            

             f(b) – f(a)

f’(c) = ---------------      (instantaneous rate of change, mtangent = average rate of change, msecant)

                b – a 



or equivalently:                        f(b) – f(a) = f’(c)(b – a)
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Rolle’s Theorem

Let f be a function that is 

	a)  continuous on the closed interval [a,b]

	b)  differentiable on the open interval (a,b)

	c)  f(a) = f(b)

then there is a number c in (a,b) such that f’(c) = 0

A.

B.

C.

D.

Case 1:  f(x) = k (constant) [picture A]



Case 2:  f(x) > f(a) for some x in (a,b) [picture B or C]

           Extreme value theorem guarantees a max value somewhere in [a,b].  Since 

           f(a) = f(b), then at some c in (a,b) this max must occur.  Fermat’s Theorem says

           that f’(c) =0.



Case 3:  f(x) < f(a) for some x in (a,b) [picture C or D]

           Extreme value theorem guarantees a min value somewhere in [a,b].  Since 

           f(a) = f(b), then at some c in (a,b) this min must occur.  Fermat’s Theorem says

           that f’(c) =0.
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L’Hospital’s Rule

Suppose f and g are differentiable and g’(x) ≠ 0 near a (except possibly at a).  Suppose that



	lim f(x) = 0	and	lim g(x) = 0

		

		or that



	lim f(x) = ± ∞	and	lim g(x) = ± ∞



(We have an indeterminate form for lim f(x)/g(x))  Then



		        f(x)                 f’(x)  

		lim  --------- = lim --------

		        g(x)                g’(x)



if the limit on the right side exists (or is ±∞)

x  a

x  a

x  a

x  a

x  a

x  a
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		Assign variables to all given quantities to be determined.  When feasible, make a sketch.  Label the picture with the quantities.

		Find a primary expression for the quantity to be optimized.

		Reduce this primary equation to one having a single independent variable – this may involve the use of “secondary” equations (restrictions) relating the independent variable of the original equation.

		Determine the domain for the independent variable, usually an interval.

		Find the critical points and end points.

		Use the techniques of calculus to determine the desired maximum or minimum value.

		Answer the question (including units).



Procedures for Solving Optimization Problems
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